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Lemma 1. A,, is generated by 3-cycles

Proof:

|ldentity element: ¢ = (1) = (1 2 3)(1 3 2)

Nonidentity elements: 0 = T1T»...T, Where ¢ is a product of transpositions.




Case 1: 7; and 7, are equal.

We see that 7;7;41 = (1) = (123)(132). Therefore, 7;7;+; is the product of two 3-cycles.

Case 2: 7; and 7;4, have exactly one element in common.

Let the common element be a, so let 7; = (ab) and 7;,, = (ac) where b # c¢. From this we have
7:Ti+1 = (ab)(ac) = (ach) = (abc)(abe). Therefore, 7;7;4, is the product of two 3-cycles.

Case 3: 7; and 7;,, are disjoint.

Let 7; = (ab) and 74, = (ed). Then 7,74, = (ab)(ed) = (ab)(be)(be)(ed) = (bea)(edb) = (abe)(bed).
Therefore, 7;7;,, is the product of two 3-cycles. |
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Lemma 1.3: For n 2 5, the conjugate of all

3-cycles in A,, are 3-cycles.



Lemma 1.2: For n 2 5, all 3-cyclesA,
In are conjugate in

e Consider a 3-cycle (abc). We show that it is
conjugate to (123). Conjugacy is an
equivalence relation, so it follows that all 3-
cycles are conjugate.

(123) = [(La)(2b)(3c)](abe)[(1a)(2b)(3¢)] .




(123) = [(1a)(2b)(3c)](abc)[(1a)(20)(3c)]
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Lemma 1.2: For n > 5, all 3-cycles in A,, are conjugate in A,,.

« Case 1{(1a)(2b)(3¢c) € A,

o (abc) and (123) are conjugate 4n
, as desired

« Case 2{1a)(2b)(3¢) & A,

o We append (45) to the permutation

to make it even; the claim follows
(45)(123)(45)
= (45)[(1a)(2b)(3¢)](abe)|(1a)(20)(3¢)] " (45)
(45)(1a)(2b) (3¢)] (abe)[(45) (1a) (2b) (3¢)] ~*

(123)




As is Simple

e Recall

o Conjugacy is an equivalence relation

o Lagrange's Theorem: The order of a subgroup divides the order of the group
o The order of all conjugacy classesiin  are given in the following table:

Table 1: A5 Conjugacy Classes
Representative || e | (12345) | (21345) | (12)(34) | (123)
Order 1 12 Iy 15 20

o Any normal subgroups afs; must be the disjoint union of conjugacy classes in the
table including {e}. However, none of the orders of each subgroup add to a proper
divisorfexcept1pof As , SO is simple.

Ag IS simple by a similar argument




A,, is Simple for n > 6

Each N 4 A, s.t. N # {e} contains a 3-cycle

e

N contains all 3-cycles




Each N < A, s.t. N # {e} contains a 3—cycle‘
H = Jeisil HC N

g

Ag contains even permutations

-

Ag contains 3-cycles

H contains 3-cycles ‘

N contains 3-cycles

-
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w=r(or7tc™!) € N is a product of two 3-cycles
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H= Agst. HC N

1

u=r1(cr o) € N is a product of two 3-cycles

)

i permutes at most 6 numbers in {1,--- ,n}

)

H : Even permutation of these numbers (augmented)
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Each N < A, s.t. N # {e} contains a 3—cycle‘
H=Agst. HCN
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Ag contains even permutations
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H contains 3-cycles ‘

N contains 3-cycles

-




A,, is Simple for n > 6

Each N 4 A, s.t. N # {e} contains a 3-cycle

e

N contains all 3-cycles
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Solvability of Quintics ‘

A polynomial is solvable by radical — The Galois group is solvable
formula

y <



Solvability of Quintics

A polynomial is solvable by radical
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Solvability of Quintics

A polynomial is solvable by radical

The Galois group is solvable
formula

Ag is simple S5 is not solvable

Quintics are not, in general,
solvable by radical formula

y <

There is a quintic with Galois group S5
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