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34.2 Theorem | (First Isomorphism Theorem) Let¢ : G — G’ be a homomorphism with kernel K,
and let yx : G — G /K be the canonical homomorphism. There is a unique isomorphism
u:G/K — ¢[G] such that ¢(x) = u(yx(x)) for each x € G.
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343 Lemma Let N be a normal subgroup of a group G and let y : G — G/N be the canonical
homomorphism. Then the map ¢ from the set of normal subgroups of G containing N
to the set of normal subgroups of G/N given by ¢(L.) = y[L] is one to one and onto.
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14.9 Theorem | Let H be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
homomorphism with kernel H. « ese——
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13.15 Theorem | Let ¢ : G — G’ be a group homomorphism, and let H = Ker(¢). Let a € G. Then the
set

¢ ' lp@)] = x € G| p(x) = p(a)) = a1

is the left coset a H of H, and is also the right coset Ha of H. Consequently, the two
partitions of G into left cosets and into right cosets of H are the same.
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34.4 Lemma | If N is a normal subgroup of G, and if H is any subgroup of G, then H v N = HN =
N H . Furthermore, if H is also normal in G, then HN is normal in G.
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34.5 Theorem (Second Isomorphism Theorem) Let H be a subgroup of G and let N be a normal
subgroup of G. Then (HN)/N ~ H/(H N N).
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13.12 Theorem |Let ¢ be a homomorphism of a group G into a group G'.
1. If e is the identity element in G, then ¢(e) is the identity element ¢’ in G’.
2. IfaeG,thengp(a™') =¢(a).

@ If H is a subgroup of G, then ¢[H] is a subgroup of G’.
4. If K'is a subgroup of G’ N ¢[G], then ¢ '[K'] is a subgroup of G.
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14.9 Theorem | Let H be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
homomorphism with kernel H. e Sy
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34.2 Theorem | (First Isomorphism Theorem) Let¢ : G — G’ be a homomorphism with kernel K,
andlet yx : G — G/K be the canonical homomorphism. There is a unique isomorphism
i G/K — ¢[G] such that ¢p(x) = u(yx(x)) foreach x € G.
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34.7 Theorem (Third Isomorphism Theorem) Let H and K be normal subgroups of a group G with
K < H.Then G/H ~ (G/K)/(H/K).
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35.1 Definition A subnormal (or subinvariant) series of a group G is a finite sequence Hy, H;, - - -, H,
of subgroups of G such that H; < H;;, and H; is a normal subgroup of H; | with Hy =

{e} and H, = G. Anormal (or invariant) series of G is a finite sequence Hy, Hy, - - -, H,
of normal subgroups of G such that H; < H;;, Hy = {e},and H, = G. [ |
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35.4 Definition | A subnormal (normal) series { K ;} is a refinement of a subnormal (normal) series { H; }

of a group G if {H;} C {K}, that is, if each H; is one of the K ;. [ |
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35.6 Definition | Two subnormal (normal) series {H;} and {K;} of the same group G are leg if
there is a one-to-one correspondence between the collections of factor groups {H,./H;}
and {K ;. /K ;} such that corresponding factor groups are isomorphic. [ |

Clearly, two isomorphic subnormal (normal) series must have the same number of
groups.
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35.11 Theorem | (Schreier Theorem) Two subnormal (normal) series of a group G have isomorphic
refinements.
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In a symmetric fashion, we set K;; = K;j(K;y1 N H;)for0 < j <m —1and0 <
i < n. This gives a subnormal chain

{e} = Koo < Ko1 < Kp2<---<Kon-1 <Kip
<K 1=K <K, 1 =Ky
<Ky <Kyyp=<---<Kyyp1=<Ksp
S 5
<Kpi1=Kp12=-=Kp-14-1 = Kn_11

= G. 4)

This chain (4) contains mn + 1 not necessarily distinct groups, and K; o = K; for each
j. This chain refines the series (2).
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35.12 Definition | A subnormal series {H;} of a group G is a composition series if all the factor groups
H; 1/ H; are simple. A normal series {H;} of G is a R{‘%{MSH‘ES if all the
factor groups H;/H; are simple. |
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15.17 Definition A maximal normal subgroup of a group G is a normal subgroup M not equal to G
such that there is no proper normal subgroup N of G properly containing M. |

15.18 Theorem M is a maximal normal subgroup of G if and only if G/M is simple.

Observe that by Theorem 15.18, H,,,/H; is simple if and only if H; is a maximal
normal subgroup of H;. ;. Thus for a composition series, each H; must be a maximal
normal subgroup of H; . To form a composition series of a group G, we just hunt for
a_maximal normal subgroup H,_, of G, then for a maximal normal subgroup H, >
of H,_\, and so on. If this process terminates in a finite number of steps, we have a
composition series. Note that by Theorem 15.18, a composition series cannot have any
further refinement. To form a principal series, we have to hunt for a maximal normal
subgroup H, | of G, then for a maximal normal subgroup H, - of H, | that is also
normal in G, and so on.
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15.17 Definition A maximal normal subgroup of a group G is a normal subgroup M not equal to G

15.18 Theorem M is a maximal normal subgroup of G if and only if G/M is simple.

such that there is no proper normal subgroup N of G properly containing M. [ ]

Observe that by Theorem 15.18, H;.;/H; is simple if and only if H; is a maximal
normal subgroup of H; ;. Thus for a composition series, each H; must be a maximal
normal subgroup of H;, . To form a composition series of a group G, we just hunt for

a maximal normal subgroup H,_, of G, then for a maximal normal subgroup H,
of H,_y, and so on. If this process terminates in a finite number of steps, we have a
composition series. Note that by Theorem 15.18, a composition series cannot have any
further refinement. To form a principal series, we have to hunt for a maximal normal
subgroup H,_; of G, then for a maximal normal subgroup H,_, of H,_, that is also
normal in G, and so on. The main theorem is as follows.
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35.11 Theorem | (Schreier Theorem) Two subnormal (normal) series of a group G have isomorphic

(Jonlmzyklljjﬂg\mwﬂ'l‘he(mm) Any two composition (principal) series of a group G are
isomorphic.
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35.11 Theorem | (Schreier Theorem) Two subnormal (normal) series of a group G have isomorphic

refinements.
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35.6 Definition | Two subnormal (normal) series {H;} and {K;} of the same group G are Ls\(/)\mgwhig if

there is a one-to-one correspondence between the collections of factor groups {H,/ H;}
and {K /K ;} such that corresponding factor groups are isomorphic. |

Clearly, two isomorphic subnormal (normal) series must have the same number of
groups.
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35.16 Theorem | If G has a composition (principal) series, and if N is a proper normal subgroup of G,
then there exists a composition (principal) series containing N.

35.12 Definition | A subnormal series {H;} of a group G is a composition series if all the factor groups
H;,/H; are simple. A normal series {H;} of G is a‘Rx;i\rfl\g\iRgvl\g\rMvamchid'su'ies if all the
factor groups H;/H; are simple. |
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15.17 Definition A maximal normal subgroup of a group G is a normal subgroup M not equal to G
such that there is no proper normal subgroup N of G properly containing M. n

15.18 Theorem M is a maximal normal subgroup of G if and only if G/M is simple.
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35.11 Theorem | (Schreier Theorem) Two subnormal (normal) series of a group G have isomorphic
refinements.
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AYLoW T HEOREMS

(Fundamental Theorem of Finitely Generated Abelian Groups) Every finitely gen-
erated abelian group G is isomorphic to a direct product of cyclic groups in the form

Zipyr X Lipyyr X -+ X Lipyn X LX L X -+ X L,

where the p; are primes, not necessarily distinct, and the r; are positive integers. The

direct product is unique except for possible rearrangement of the factors; that is, the

number (Betti number of G) of factors Z is unique and the prime powers (p;)" are
X A ANAAAAAARAR

unique.

The fundamental theorem for finitely generated abelian groups (Theorem 11.12) gives
us complete information about all finite abelian groups. The study of finite nonabelian
groups 1s much more complicated. The Sylow theorems give us some important infor-
mation about them.
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* The Sylow theorems give a weak converse. Namely, they show that if d
i1s a power of a prime and d divides |G|, then G does contain a subgroup of order d.
(Note that 6 is not a power of a prime.) The Sylow theorems also give some information
concerning the number of such subgroups and their relationship to each other. We will
see that these theorems are very useful in studying finite nonabelian groups.































Let X be asetand G a group. An action of G on X isamap % : G x X — X such that
[ ]
1. ex=xforallx € X,
2. (gig2)(x)=gi(gox)forallx € X andall g, g2 € G.
Under these conditions, X is a G-set.
G, ={geG|gx=ux}. Xg:{xeX|gx:x}

Let X be a G-set. For x|, x; € X, let x; ~ x; if and only if there exists g € G such that
gx1 = x». Then ~ is an equivalence relation on X.

Ifx eX, the cell containing x is the orbit of x.
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16.16 Theorem Let X be a G-set and let x € X. Then |Gx| = (G : G,). If |G] is finite, then |Gx| is a
divisor of |G]|.
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36.1 Theorem Let G be a group of order p” and let X be a finite G-set. Then | X| = | X| (mod p).
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36.2 Definition  Let p be a prime. A group G is a p-group if every element in G has order a power of
the prime p. A subgroup of a group G is a p-subgroup of G if the subgroup is itself a

p-group. [ ]
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36.3 Theorem (Cauchy’s Theorem) Let p be a prime. Let G be a finite group and let p divide |G|.
Then G has an element of order p and, consequently, a subgroup of order p.
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36.1 Theorem Let G be a group of order p" and let X be a finite G-set. Then | X| = | X | (mod p).
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36.4 Corollary Let G be a finite group. Then G is a p-group if and only if |G| is a power of p.
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36.2 Definition Let p be a prime. A group G is a p-group if every element in G has order a power of
the prime p. A subgroup of a group G is a p-subgroup of G if the subgroup is itself a
p-group. |
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36.6 Lemma Let H be a p-subgroup of a finite group G. Then

(N[H]: H)= (G : H)(mod p).
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36.1 Theorem Let G be a group of order p" and let X be a finite G-set. Then |X| = |X| (mod p).
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36.7 Corollary Let H be a p-subgroup of a finite group G. If p divides (G : H), then N[H]| # H.
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36.8 Theorem (First Sylow Theorem) Let G be a finite group and let |G| = p"m where n > 1 and
where p does not divide m. Then
1. G contains a subgroup of order pi for eachi where 1 <i <n,

2. Every subgroup H of G of order p' is a normal subgroup of a subgroup of
order p't! for1 <i < n.
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36.3 Theorem (Cauchy’s Theorem) Let p be a prime. Let G be a finite group and let p divide |G|.
Then G has an element of order p and, consequently, a subgroup of order p.
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36.6 Lemma Let H be a p-subgroup of a finite group G. Then

(N[H]: H)= (G : H)(mod p).
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14.9 Theorem Let H be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
homomorphism with kernel H. N
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13.12 Theorem Let ¢ be a homomorphism of a group G into a group G'.

1. [If e is the identity element in G, then ¢(e) is the identity element ¢’ in G'.
2. IfaeG,thenga') = pa)~".

3. If H is a subgroup of G, then ¢[ H] is a subgroup of G'.

4. If K'is a subgroup of G’ N ¢[G], then ¢~'[K'] is a subgroup of G.
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36.9 Definition A Sylow p-subgroup P of a group G is amaximal p-subgroup of G, thatis, a p-subgroup
contained in no larger p-subgroup. |
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36.2 Definition Let p be a prime. A group G is a mif every element in G has order a power of
the prime p. A subgroup of a group G is a p-subgroup of G if the subgroup is itself a

p-group. |
G s & p-growp & lo]=p"


















36.10 Theorem (Second Sylow Theorem) Let P, and P> be Sylow p-subgroups of a finite group G.
Then P, and P, are conjugate subgroups of G. -1
P,= j,PI g, Js some 3G

A subgroup K of G is a conjugate subgroup of H if K = i,[H] ngg_‘ e some 3&61
VI AANANNNNNNNY

DoP sl X e semdf

(Q,g-P coseRs 0£ PZ‘
Lek

|t H atk on X le
ha = k(g’»/jJ: @?) P, € X

_,__>><isazr\H"5

36.1 Theorem Let G be a group of order p" and let X be a finite G-set. Then | X| = |X¢| (mod p).
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Sylow p-subgroups is congruent to 1 modulo p and divides |G]|.
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36.11 Theorem (Third Sylow Theorem) If G is a finite group and p divides |G|, then the number of

p-group.
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36.2 Definition Let p be a prime. A group G is a mif every element in G has order a power of
the prime p. A subgroup of a group G is a p-subgroup of G if the subgroup is itself a
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36.9 Definition A Sylow,p-subgroup P of agroup G is amaximal p-subgroup of G, thatis, a p-subgroup
contained in no larger p-subgroup. |
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16.16 Theorem Let X be a G-set and let x € X. Then |Gx| = (G : G,). If |G| is finite, then |Gx| is a
divisor of 6], % Ge=§5e13¢6} e i f & 0 G
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