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» The Cartesian product of sets Si, S»,---, S, is the set of all ordered n-tuples
(ay,a»,---,a,), where q; € S; fori =1,2,---,n. The (\;W is denoted
by either
S xS x-- xS,
or by

(s ]
i=1

e Let Gy, Ga, - -+, G, be groups. For (aj,az,---,a,) and (b1, ba, -+, b,) In ]_[le G,
define (a;, as, -+, a,)(b;, ba, -+, b,) to be the element (a,b;, axbs, -+ -, a,b,). Then
[Ti, G; is a group, the direct product of the groups G;, under this binary operation.
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11.5 Theorem | The group Z,, x Z, is cyclic and is isomorphic to Z,,, if and only if m and n are relatively
prime, that is, the gcd of m and n 1s 1.
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6.10 Theorem Let G be acyclic group with generator a. If the order of G is infinite, then G is isomorphic
to (Z, +). If G has finite order n, then G is isomorphic to (Z,, +,).
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The group [[*_, Z,,, is cyclic and isomorphic to Z, m,..., if and only if the numbers m;
fori =1, ..., n are such that the gcd of any two of them is 1.
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11.12 Theorem | (Fundamental Theorem of Finitely Generated Abelian Groups) Every finitely gen-
erated abelian group G is isomorphic to a direct product of cyclic groups in the form

Lipyyr X Lapyyr X oo X Dupyn X X Lx - X 7,

where the p; are primes, not necessarily distinct, and the r; are positive integers. The

direct product is unique except for possible rearrangement of the factors; that is, the

number (Betti number of G) of factors Z is unique and the prime powers (p;)" are
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13.1 Definition A map ¢ of a group G into a group G’ is a homomorphism if the homomorphism
WAAASAAANNNA
property

¢p(ab) = ¢p(a)p(D) (1)
holds forall a, b € G. n
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the binary operation of G coincides in the ith component with the binary operation in G;.
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13.11 Definition | Let ¢ be a mapping of aset X intoasetY,andlet A C X and B C Y. The image ¢[A]

¢ '[Blof Bin X is {x € X |¢(x) € B}.

of Ain Y under ¢ is {¢(a) | a € A}. The set ¢| X ] is the range of ¢. The inverse image






























13.12 Theorem Let ¢ be a homomorphism of a group G into a group G’.
1. If e is the identity element in G, then ¢(e) is the identity element ¢’ in G'.
2. IfaeG, theng(a™')=¢a) .
3. If H is a subgroup of G, then ¢[ H] is a subgroup of G'.
4. If K’ is a subgroup of G’ N ¢[G], then ¢ ' [K'] is a subgroup of G.

HHEG , dn () 26

NN, PrBOsAL Ba Ecﬂu\m’&t &N\eﬂh\ {ONeTLeQ ) oond, gukarwufs .

D e oaelk, D) =Ploe) =@ b2

Dla)e G => B (a) € G

e= B(e) )
) 6-bie- dlan) = @G — PLa)=PLD

A subset H of a group G is a subgroup of G if and only if
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1. H is closed under the binary operation of G,

2. the identity element ¢ of G is in H,
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13.13 Definition | Let ¢ : G — G’ be a homomorphism of groups. The subgroup ¢ '[{e'}] =
{x € G| p(x) = €'} is the kernel of ¢, denoted by Ker(¢). |

13.15 Theorem | Let ¢ : G — G’ be a group homomorphism, and let H = Ker(¢). Let @ € G. Then the
set

¢ Hp@)] = (x € G| px) = pla)} = &

is the left coset a H of H, and is also the right coset Ha of H. Consequently, the two
partitions of G into left cosets and into right cosets of H are the same.
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13.18 Corollary

Prut
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A group homomorphism ¢ : G — G’ is a one-to-one map if and only if Ker(¢) = {e}.
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13.19 Definition

To Show ¢ : G — G’ Is an Isomorphism

Step 1 Show ¢ is a homomorphism.
Step 2 Show Ker(¢) = {e}.
Step 3 Show ¢ maps G onto G'.

A subgroup H of a group G is normal if its left and right cosets coincide, that is, if
gH =Hgforall g € G. |

Note that all subgroups of abelian groups are normal.
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14.1 Theorem | Let ¢ : G — G’ be a group homomorphism with kernel H. Then the cosets of H form

a factor group, G/H, where Wi___)i(ib)_li. Also, the map u : G/H — ¢[G]
defined by u(a H) = ¢(a) is an isomorphism. Both coset multiplication and p are well
defined, independent of the choices a and b from the cosets.
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13.15 Theorem | Let ¢ : G — G’ be a group homomorphism, and let H = Ker(¢). Let a € G. Then the
set

¢ ' ip@)] = (x € G|p(x) = p(@)) = o = Hoo

is the left coset a H of H, and is also the right coset Ha of H. Consequently, the two
partitions of G into left cosets and into right cosets of H are the same.
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13.15 Theorem | Let ¢ : G — G’ be a group homomorphism, and let H = Ker(¢). Let @ € G. Then the
set

¢ ' l{o@}] = {x € G| p(x) = pla)} = a H=Ha

is the left coset a H of H, and is also the right coset Ha of H. Consequently, the two
partitions of G into left cosets and into right cosets of H are the same.
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14.4 Theorem | Let H be a subgroup of a group G. Then left coset multiplication is well defined by the
equation

(aH)YbH) = (ab)H

if and only if H is a normal subgroup of G.

13.19 Definition | A subgroup H of a group G is normal if its left and right cosets coincide, that is, if
gH = Hgforall g € G. ]

Note that all subgroups of abelian groups are normal.
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14.5 Corollary | Let H be a normal subgroup of G. Then the cosets of H form a group G/H under the
binary operation (a H)(bH) = (ab)H. A
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[((@aH)bH)|(cH) = [(ab)c]H, so associativity in G/H follows from associativity in Gt -
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We have seen that every homomorphism ¢ : G — G’ gives rise to a natural factor group
(Theorem 14.1), namely, G /Ker(¢). We now show that each factor group G/H gives rise
to a natural homomorphism having H as kernel.

14.9 Theorem Let H be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
homomorphism with kernel H. N

“(;m,uu,l homomovp s -

14.4 Theorem | Let H be a subgroup of a group G. Then left coset multiplication is well defined by the
equation

(aH)bH) = (ab)H

if and only if H is a normal subgroup of G.
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xH = Hifandonlyifx € H

— Yov(¥)=H
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14.1 Theorem | Let ¢ : G — G’ be a group homomorphism with kernel H. Then the cosets of H form
a M where (aH)(bH) = (ab)H. Also, the map n : G/H — ¢[G]
defined by p(aH) = ¢(a) is an isomorphism. Both coset multiplication and p are well
defined, independent of the choices a and b from the cosets.
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14.9 Theorem | Let A be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
——

homomorphism with kernel H. o
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14.11 Theorem (The Fundamental Homomorphism Theorem) Let ¢ : G — G’ be a group homo-
morphism with kernel H. Then ¢[G] is a group, and u : G/H — ¢[G] given by
u(gH) = ¢(g) is an 1somorphism. If y : G — G/H is the homomorphism given by
y(g) = gH, then ¢(g) = uy(g) foreach g € G.
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In summary, every homomorphism with domain G gives rise to a factor group G/ H,
and every factor group G/H gives rise to a homomorphism mapping G into G/H.
Homomorphisms and factor groups are closely related. We give an example indicating
how useful this relationship can be.

Classify the group (Z4 x Z5)/({0} x Z;)according to the fundamental theorem of finitely

= e -
£ xawple generated abelian groups (Theorem 11.12).
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14.13 Theorem | The following are three equivalent conditions for a subgroup H of a group G to be a

normal subgroug of G.

1. ghg'eHforallge Gandh € H.
2. gHg'=HforallgeG.
3. gH=Hgforall g € G.

Condition (2) of Theorem 14.13 is often taken as the definition of a normal subgroup
H of a group G.

; 00

| —>2

(&) Lo dqég,fﬂlj:l Hen
j L\C/H oL éL;ff\g:lé’ H (l>
alig” < H

() L hev Hen,
gkg‘é(—} — (Y

2-3

Lﬂt 9/4‘?4:[4 Fov ﬂlﬂ/{ jé&)

T ode vy dﬂLt\é;/H e kc—hL\ o
gho(Gh) g~ Rg e more R Sk N
gheds = ;HEH;;,

























tand) wonlarly  flg < g [
ng Hj KR E-D

3

Led jH:Hdi s 3‘[‘;\7 , o
%;L v Spva

3hé}H:H} =>

ghy'=Hgg' = et o

14.15 Definition | An isomorphism ¢ : G — G of a group G with itself is an automorphism of G. The

phism of G by g. Performing i, on x is called conjugation of x by g.

automorphism i, : G — G, where i (x) = gxg~' for all x € G, is the inner automor-

The equivalence of conditions (1) and (2) in Theorem 14.13 shows that ¢ H = Hg
forall ¢ € Gifandonlyifi,|H| = H forall ¢ € G, thatis, if and only if H is invariant
under all inner automorphisms of G. It is important to realize that i,[H] = H is an
equation in sets; we need not have i,(h) = h for all 7 € H. That is i, may perform a
nontrivial permutation of the set H. We see that the normal subgroups of a group G are
precisely those that are invariant under all inner automorphisms. A subgroup K of G is
acy\lfl\mof}[l if K =i,[H] forsome g € G.
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(Falsity of the Converse of the Theorem of Lagrange) The theorem of Lagrange
states if H 1s a subgroup of a finite group G, then the order of H divides the order of G.
We show that it is false that if d divides the order of G, then there must exist a subgroup
H of G having order d. Namely, we show that A4, which has order 12, contains no
subgroup of order 6.
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15.8 Theorem | Let G = H x K be the direct product of groups H and K. Then H ={(h,e)|h e H)
is a normal subgroup of G. Also G/H is isomorphic to K in a natural way. Similarly,
G/K =~ H in a natural way.
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14.11 Theorem (The Fundamental Homomorphism Theorem) Let ¢ : G — G’ be a group homo-
morphism with kernel H. Then ¢[G] is a group, and u : G/H — ¢[G] given by
w(gH) = ¢(g) is an isomorphism. If y : G — G/H is the homomorphism given by
y(g) = gH, then ¢(g) = ny(g) foreach g € G.
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15.9 Theorem | A factor group of a cyclic group is cyclic.

0 U(jd"(*
B s of debun geops e

—_— Awa S“Q’Z))““’“? b & Gi= L&
¢ cosek elippliudion & cusell dobied

INTNNY

(S Npy O a&

TPNCY













































— &/H S oo gD on o {&L coseds
ae &

le. {e)ﬁf wsek

OL\VBY © o {(’:Q-Y cosek éGL/H ool/\.uxe_

e ?KOC)\N\CL Qversy ?0%57\0

@H)k: & &/
s alt geemee ST
Ex: 1o @ZH)«%D/<(2,3)>
zo,slv_\gﬁ,gzg

PICTIRTUE I P

Lty = e (1] e A

2 35))
1 = (&\‘o)—‘f Lln> )
OJSQ)(S O%V <C l'g)> 2@\“03 )@*?—_ r“'\o& Wy [BERCILA 3 6)%























I &‘\W\’P\L’ G\TOIAPS

15.14 Definition | A group is simple if it is nontrivial and has no proper nontrivial normal subgroups.
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(2) The alternating group A, is simple forn > 5.



















15.16 Theorem

Let ¢ : G — G’ be a group homomorphism. If N is a normal subgroup of G, then ¢[N]
is a normal subgroup of ¢[G]. Also, if N’ is a normal subgroup of ¢[G], then ¢~ '[N’]
is a normal subgroup of G.
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15.17 Definition A maximal normal subgroup of a group G is a normal subgroup M not equal to G
such that there is no proper normal subgroup N of G properly containing M. |

15.18 Theorem M is a maximal normal subgroup of G if and only if G/M is simple.









The Center and Commutator Subgroups

Every nonabelian group G has two important normal subgroups, the center Z(G) of
G and the commutator subgroup C of G. (The letter Z comes from the German word
zentrum, meaning center.) The center Z(G) is defined by

Z(G)={z€G|zg =gzforall g € G}.

Exercise 52 of Section 5 shows that Z((G) 1s an abelian subgroup of G. Since for each g €
Gandz € Z(G)wehave gzg ' = zgg ! = ze = z, we see at once that Z(G) is anormal
subgroup of G. If G is abelian, then Z(G) = G; in this case, the center is not useful.

The center of a group G always contains the identity element e. It may be that Z(G) = {e},
in which case we say that the center of G is trivial. For example, examination of Table 8.8
for the group Sz shows us that Z(S3) = {po}, so the center of S 1s trivial. (This is a special
case of Exercise 38, which shows that the center of every nonabelian group of order pg
for primes p and g is trivial.) Consequently, the center of S3 X Zs must be {pg} X Zs,
which is isomorphic to Zs. A

















Since Theorem 11.12 gives complete information about the structure of all
sufficiently small abelian groups, it might be of interest to try to form an abelian group
as much like G as possible, an abelianized version of G, by starting with G and then
requiring thatab = ba for all a and b in our new group structure. To require that ab = ba
is to say that aba'b~! = e in our new group. An element aba 'b~! in a group is a
commutator of the group. Thus we wish to attempt to form an abelianized version of G
by replacing every commutator of G by e. By the first observation of this paragraph, we
should then attempt to form the factor group of G modulo the smallest normal subgroup
we can find that contains all commutators of G.

15.20 Theorem | Let G be a group. The set of all commutators aba~'b~! fora, b € G generates a subgroup
C (the commutator subgroup) of G. This subgroup C is a normal subgroup of G.
Furthermore, if N is a normal subgroup of G, then G/N is abelian if and only if C < N.
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The Notion of a Group Action

a binary operation * on a set S to be a function mapping S x S
into S. The function * gives us a rule for “multiplying” an element s; in S and an element
s> in S to yield an element s; * s, in S.

More generally, for any sets A, B, and C, we can view amap x: A X B — C as
defining a “multiplication,” where any element a of A times any element b of B has as
value some element ¢ of C. Of course, we write @ x b = c¢. or simply ab = c. In this
section, we will be concerned with the case where X is a set, G is a group, and we have
amap *x : G x X — X. We shall write *(g, x) as g x x or gx.

16.1 Definition |Let X be a set and G a group. An action of G on X isamap x : G x X — X such that
|

1. ex=xforallx € X,
2. (g1g2)(x) = gi(gox) forall x € X and all g, g» € G.

Under these conditions, X is a G-set.

16.3 Theorem | Let X be a G-set. For each g € G, the function o, : X — X defined by o0,(x) = gx
for x € X is a permutation of X. Also, the map ¢ : G — Sx defined by ¢(g) = o, is a
homomorphism with the property that ¢(g)(x) = gx.
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Let X be a G-set. Let x € X and g € G. It will be important to know when gx = x. We
let

Xe=1{xeX|gx =ux} and G,={geG|gx =x}.

16.12 Theorem | Let X be a G-set. Then G, is a subgroup of G for each x € X.
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16.13 Definition | Let X be a G-set and let x € X. The subgroup G, is the isotropy subgroup of x.


























16.14 Theorem |Let X be a G-set. For x1, x; € X, let x; ~ x; if and only if there exists g € G such that
gx1 = x». Then ~ is an equivalence relation on X.
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16.15 Definition | Let X be a G-set. Each cell in the partition of the equivalence relation described in
Theorem 16.14 is an orbit in X under G. If x € X, the cell containing x is the orbit
of x. We let this cell be Gx. |
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16.16 Theorem Let X be a G-set and let x € X. Then |Gx| = (G : G,). If |G] is finite, then |Gx]| is a
divisor of |G|.
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Let X be a set and G a group. An action of G on X isamap * : G x X — X such that
|
1. ex=xforallx € X,
2. (g1&2)(x) = gi(gx) forallx € X and all g1, g, € G.
Under these conditions, X is a G-set.
G,={geG|gx =x}. Xe={xeX|gx=x}

Let X be a G-set. For xj, xo € X, let x; ~ x, if and only if there exists g € G such that
gx; = x3. Then ~ is an equivalence relation on X.

If x e X, tfle cell containing x is the orbit of x.
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14.9 Theorem | Let H be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
homomorphism with kernel H. T~ .
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Let us distinguish between the faces of the cube for the moment and call them the
bottom, top, left, right, front, and back. Then the bottom can have any one of six marks
from one dot to six dots, the top any one of the five remaining marks, and so on.
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Let X be a set and G a group. An action of G on X isamap = : G x X — X such that
u

1. ex=xforallx € X,
2. (g1g2)x)=gi(gax)forallx € X and all g1, g» € G.

Under these conditions, X is a G-set.

Gy ={ge€G|gx =x}.

Let X be a G-set. For x1, x, € X, let x; ~ x; if and only if there exists g € G such that
gx; = x,. Then ~ is an equivalence relation on X.

If x € X, the cell containing x is the orbit of x.

G 5 3 3¢5

The following theorem gives a tool for determining the number of orbits in a G-
set X under G. Recall that for each g € G we let X, be the set of elements of X left
fixed by g, so that X, = {x € X | gx = x}. Recall also that for each x € X, we let
G, ={g € G| gx = x}, and Gx is the orbit of x under G.

17.1 Theorem | (Burnside’s Formula) Let G be a finite group and X a finite G-set. If » is the number
of orbits in X under G, then
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17.2 Corollary | If G is a finite group and X is a finite G-set, then

1
number of orbits in X under G) = — - X.l.
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How many distinguishable ways can seven people be seated at a round table, where

17.4 Example
there is no distinguishable “head” to the table?
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17.5 Example How many distinguishable necklaces (with no clasp) can be made using seven different-
colored beads of the same size?
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17.6 Example Let us find the number of distinguishable ways the edges of an equilateral triangle can
be painted if four different colors of paint are available, assuming only one color is used
on each edge, and the same color may be used on different edges.
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17.7 Example We repeat Example 17.6 with the assumption that a different color is used on each edge.
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